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In the present work, we study the recent collision energy and multiplicity dependence of the
charged particle transverse momentum spectra as measured by the ALICE collaboration in pp
collisions at
√
s = 5.02 and 13 TeV using the non-extensive Tsallis distribution and the Boltzmann-
Gibbs Blast Wave (BGBW) model. A thermodynamically consistent form of the Tsallis distribution
is used to extract the kinetic freeze-out parameters from the transverse momentum spectra of charged
particles at mid-rapidity. In addition, a comprehensive study of fitting the range dependence of
transverse momentum spectra on the freeze-out parameters is done using Tsallis statistics. The
applicability of BGBW model is verified by fitting the transverse momentum spectra of the bulk
part (∼ 2.5 GeV/c) for both 5.02 and 13 TeV energies and also in different multiplicity classes. The
radial flow, < β > is almost independent of collision energy and multiplicity whereas the behavior
of kinetic freeze-out temperature significantly depends on multiplicity classes. It is found that the
Tsallis distribution generally leads to a better description than the Blast Wave model.
PACS numbers:
I. INTRODUCTION
Transverse momentum spectra of final state particles
produced in high energy collisions provide important in-
formation about the dynamics of high energy collisions.
Previously pp collisions at the Relativistic Heavy-ion Col-
lider (RHIC) and the Large Hadron Collider (LHC) pro-
vided a baseline for the understanding of particle pro-
duction in heavy-ion collisions. However, recent results
on the multiplicity dependence in pp collisions at
√
s = 7
TeV, which showed similar results at high multiplicities
to those obtained in heavy-ion collisions [1] have led to
question whether or not this is relevant. Strangeness en-
hancement as one of the possible signatures for the forma-
tion of a QGP droplet in pp collisions has led to new chal-
lenges to understand the particle production mechanism
in high multiplicity pp collisions. The multi-partonic in-
teractions in high multiplicity pp collisions lead to the
formation of more number of final state hadrons, which
might favor a thermalisation in the system in such colli-
sions. Thus such a complicated system can be explained
by statistical models with few parameters. The study of
transverse momentum spectra of final state particles pro-
vides informations about the kinetic freeze-out processes
in high energy collisions. The use of Tsallis non-extensive
statistics leads to a power law distribution with excellent
fits of the transverse momentum spectra of charged par-
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ticles and identified particles in high energy collisions up
to very high values of pT [2–15]. This description can
be understood as containing temperature fluctuations in
the Boltzmann-Gibbs sense either on an event-by-event
basis or within the same event [16]. This fluctuation in
the temperature is directly related to the non-extensive
parameter q [17] and tells us about the departure of the
system from an equilibrium state. In the present analy-
sis, we have explicitly checked the variation of the non-
extensive parameter q and the Tsallis temperature with
the fitting range involved for the transverse momentum
spectra of charged particle produced in high energy pp
collisions at LHC energies [18].
As an alternative, perhaps more standard description,
we have used a blast-wave model based on collective
flow in small systems. One way to extract information
about the radial flow is by studying the transverse mo-
mentum spectra of charged particles with the use of the
BGBW model, which incorporates the radial flow into
the Boltzmann-Gibbs distribution function. The BGBW
model is quite good in explaining the bulk part of the sys-
tem, however it fails at low-pT which could possibly be
due to the decays of hadronic resonances. In this paper
we extract the information about the kinetic freeze-out
temperature and radial flow from the charged particle pT-
distributions at the highest LHC energies as a function
of multiplicity. We compare the Tsallis non-extensive
statistics and the BGBW model in detail in the next sec-
tion.
The paper is organized as follows. In Sec. II, we
briefly recall the details of the thermodynamically con-
sistent Tsallis distribution function and also the BGBW
model used to describe the charged particle pT-spectra
ar
X
iv
:1
90
8.
04
20
8v
1 
 [h
ep
-p
h]
  1
2 A
ug
 20
19
2at mid-rapidity produced in pp collisions at
√
s = 5.02
and 13 TeV. The results obtained using the Tsallis non-
extensive statistics and BGBW model are discussed as
a function of charged particle multiplicity and collision
energy in Sec. III. Finally, in Sec. IV, we present the
summary of our results.
II. METHODOLOGY
A. Non-extensive Tsallis statistics
The Tsallis non-extensive distribution function ac-
counts for the power-law contribution at high-pT and this
could be understood as empirically taking of QCD con-
tributions. It is given by:
f(E) ≡ expq
(
−E − µ
T
)
, (1)
where E =
√
p2 +m2, is the energy and µ is the chemical
potential of the system and the expq(x) has the following
form:
expq(x) ≡
{
[1 + (q − 1)x]1/(q−1) if x > 0
[1 + (1− q)x]1/(1−q) if x ≤ 0 (2)
in the limit, q → 1, Eq. (2) reduces to the standard
exponential function:
lim
q→1
expq(x)→ exp(x).
The expressions of the relevant thermodynamic quanti-
ties like entropy, S, energy density,  (= E/V ), pressure,
P , and particle number, N , are given below. Note that
an addition power of q in Eq. (1) is necessary to make
Tsallis statistics thermodynamically consistent [2, 3, 5].
S = −gV
∫
d3p
(2pi)3
[fqlnqf − f ] ,
 = g
∫
d3p
(2pi)3
E fq,
P = g
∫
d3p
(2pi)3
p2
3E
fq,
N = gV
∫
d3p
(2pi)3
fq,
(3)
with g being the degeneracy factor and V is the (Tsallis)
freeze-out volume.
The yield can be written in the following form, as de-
duced from Eq. (3):
E
d3N
dp3
= gV E
1
(2pi)3
[
1 + (q − 1)E − µ
T
]− qq−1
, (4)
and can be written in the form of rapidity, y, transverse
mass, mT, and transverse momentum, pT:
d2N
dpT dy
∣∣∣∣
y=0
=gV
pTmT cosh y
(2pi)2[
1 + (q − 1)mT cosh y − µ
T
]− qq−1
.
(5)
At LHC energies, assuming the chemical potential, µ '
0 and at mid-rapidity i.e, y = 0 this reduces to:
d2N
dpT dy
∣∣∣∣
y=0
=gV
pTmT
(2pi)2[
1 + (q − 1)mT
T
]− qq−1
.
(6)
Furthermore, integration over the transverse momen-
tum of Eq. (6) leads to [19]:
dN
dy
∣∣∣∣
y=0
=
gV
(2pi)2
∫ ∞
0
pT dpTmT
[
1 + (q − 1)mT
T
]− qq−1
=
gV T
(2pi)2
[
(2− q)m2 + 2mT + 2T 2
(2− q)(3− 2q)
]
[
1 + (q − 1)m
T
]− 1q−1
. (7)
This makes it possible to eliminate the volume V in favor
of the yield at mid-rapidity dN/dy. Now we can write the
invariant yield for the charged particles with assumption
that it is dominated by the production of pi, K and p and
in this case we have considered the weight factor 0.8, 0.12
and 0.08 for pi, K and p, respectively:
d2Nch
dpT dy
∣∣∣∣
y=0
= A
∑
i=pi,K,p
wi
mT
T
pT
[
(2− q)m2i + 2miT + 2T 2
(2− q)(3− 2q)
]−1
[
1 + (q − 1)mi
T
]− 11−q
[
1 + (q − 1)mT
T
]− qq−1
, (8)
here A is the charged particle yield at mid-rapidity, q is
the non-extensive parameter and T is the Tsallis temper-
ature of the system.
B. Boltzmann-Gibbs Blast Wave (BGBW) Model
As an alternative description, we compare the fits us-
ing the Tsallis distribution with the BGBW model. The
expression for the invariant yield in the framework of
BGBW, where particles decouple from the system at a
temperature Tkin is given as follows [20]:
3E
d3N
dp3
= D
∫
d3σµp
µexp(−p
µuµ
T
), (9)
where pµ = (mT coshy, pT cosφ, pT sinφ, mT sinhy), is
the particle four-momentum and the four-velocity uµ =
cosh ρ (cosh η, tanh ρ cosφr, tanh ρ sin φr, sinh η).
Again, the kinetic freeze-out surface is parametrised
as,
d3σµ = (cosh η, 0, 0,− sinh η) τ r dr dη dφr, (10)
where, η is the space-time rapidity. Now assuming
Bjorken correlation in rapidity i.e, y = η [21],
d2N
dpT dy
∣∣∣∣
y=0
= D
∫ R0
0
r dr K1
(mT cosh ρ
Tkin
)
I0(pT sinh ρ
Tkin
)
, (11)
here D is the normalization constant and mT =√
p2T +m
2 is the transverse mass while K1 and I0 are
the modified Bessel functions, ρ = tanh−1β, with β =
βs
(
r/R0
)n
, [20, 22, 23] is the velocity of the transverse
expansion. Again βs is the maximum surface velocity
and the exponent n describes the evolution of the flow
velocity from any arbitrary r to R (r < R), with R being
the maximum radius at the kinetic freeze-out surface.
Now, the average of the transverse velocity can be eval-
uated as:
< β >=
∫
βsξ
nξ dξ∫
ξ dξ
=
( 2
2 + n
)
βs, (12)
where ξ = r/R0.
For the charged particle transverse momentum distri-
bution in case of BGBW we have considered the linear
flow profile (n = 1) and also weight factors 0.8, 0.12 and
0.08 are considered for pi, K and p respectively, which is
the same procedure as used for the Tsallis distribution.
III. RESULTS AND DISCUSSION
A. Non-extensive statistics
The transverse momentum spectra (pT) of charged par-
ticles in pp collisions at
√
s = 5.02 and 13 TeV have
been fitted with the Tsallis non-extensive distribution
as shown in Fig. 1 and 2 [18]. The fitting is also per-
formed for different multiplicity classes as given in Table
I and II, at both energies using non-extensive statistics.
The charged particle production might vary in different
pT regions and the pT-differential deviation of the fitting
function from the charged particle transverse momentum
spectra are shown in the bottom panel.
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FIG. 1: (Color online) Charged particle spectra fit with Tsal-
lis distribution function for pp collisions at
√
s = 5.02 TeV
[18].
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FIG. 2: (Color online) Charged particle spectra fit with Tsal-
lis distribution function for pp collisions at
√
s = 13 TeV [18].
From the ratio between the experimental data points
and the fit function, it is observed that the non-extensive
statistics provides a good description of the charged par-
ticle transverse momentum spectra for the complete pT
region. However, in the highest transverse momentum re-
gion the fitting is better for the higher multiplicity classes
as compared to the lower multiplicity classes.
The extracted non-extensive parameter, q, shown in
Fig. 3 increases with multiplicity classes and remains
almost constant above ∼|dNch/dη||η|<0.8 > 15. The non-
extensive parameter is higher for the 13 TeV and this
can be understood as the contributions from the hard
scatterings in pp at
√
s =13 TeV is larger than at 5.02
4TABLE I: Number of mean charged particle multiplicity density corresponding to different multiplicity classes in pp collisions
at
√
s = 5.02 TeV [18].
Class name V0M1 V0M2 V0M3 V0M4 V0M5 V0M6 V0M7 V0M8 V0M9 V0M10〈
dNch
dη
〉
19.2±0.9 15.1±0.7 12.4±0.5 10.7±0.5 9.47±0.47 8.04±0.42 6.56±0.37 5.39±0.32 4.05±0.27 2.27±0.27
TABLE II: Number of mean charged particle multiplicity density corresponding to different multiplicity classes in pp collisions
at
√
s = 13 TeV [18].
Class name V0M1 V0M2 V0M3 V0M4 V0M5 V0M6 V0M7 V0M8 V0M9 V0M10〈
dNch
dη
〉
26.6±1.1 20.5±0.8 16.7±0.7 14.3±0.6 12.6±0.5 10.6±0.5 8.46±0.40 6.82±0.34 4.94±0.28 2.54±0.26
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FIG. 3: (Color online) Non-extensive parameter as a function
of charged particle multiplicity and collision energy.
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FIG. 4: (Color online) Tsallis temperature as a function of
charged particle multiplicity and collision energy.
Furthermore, similar behavior is observed for the Tsal-
lis temperature, T and this shows a significant depen-
dence on the multiplicity class as shown in Fig. 4. There
is also a clear energy dependence of T and it is higher for
5.02 TeV.
A comprehensive study of the extracted parameter de-
pendence on the fitting range of charged particle trans-
verse momentum spectra is performed in this work. Here,
we have considered the highest and lowest charged parti-
cle multiplicity classes for both the energies. The maxi-
mum value of transverse momentum in the fitting ranges
from 1.2 to 20 GeV/c and the extracted parameters are
drawn and filled at the higher edge of the pT as shown
in Fig. 5, 6 and 7. The goodness of the fit i.e, χ2/ndf as
a function of fitting range is shown in Fig. 5.
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FIG. 5: (Color online) χ2/ndf obtained by varying the fitting
ranges in the pT-spectra for pp at
√
s = 5.02 and 13 TeV for
V0M1 and V0M10 classes.
The non-extensive parameters q have been extracted
by varying the fitting ranges and are shown in Fig. 6,
for both V0M1 (high multiplicity) and V0M10 (low mul-
tiplicity) multiplicity classes. The non-extensive param-
eter, q shows a reverse trend for both highest and lowest
multiplicity classes as a function of fitting range. The
charged particle production at high-pT has power-law
contributions and this increases with multiplicity classes
[18].
This is evident from the fact that the pT spectra of
the charged particles evolve with multiplicity class and
the differential ratios of transverse momentum spectra
with respect to minimum bias shows hardening of pT -
spectra with multiplicity classes [18]. For the V0M1
class, the addition of high-pT charged particles increases
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FIG. 6: (Color online) Non-extensive parameter obtained by
varying the fitting ranges in the pT-spectra for pp at
√
s =
5.02 and 13 TeV for V0M1 and V0M10 classes.
the power-law contributions, which correspond to hard
pQCD processes. However, this leads to the lowering
the values of q with extending the fitting range in the
non-extensive statistics for the highest multiplicity class,
which shows a saturation behavior beyond pT ∼ 8 GeV/c.
Contrary to the highest multiplicity class (V0M1), for the
V0M10 class (lowest multiplicity class), extending the fit-
ting range has less power-law contribution compared to
V0M1. This could be seen from the absolute values of the
q-parameter for both the classes. For V0M10, q increases
with the fitting range in the non-extensive statistics ap-
proaching a saturation behavior beyond pT ∼ 8 GeV/c.
The non-extensive parameter, q doesn’t depend on the
fitting range above 8 GeV/c for both V0M1 and V0M10
classes.
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FIG. 7: (Color online) Tsallis temperature parameter ob-
tained by varying the fitting ranges in the pT-spectra for pp
at
√
s = 5.02 and 13 TeV for V0M1 and V0M10 classes.
Similarly the Tsallis temperature, T , evolves with fit-
ting range and has opposite behavior for V0M1 and
V0M10 classes as shown in Fig. 7. The Tsallis tem-
perature, T , increases with fitting range for V0M1 class,
whereas the trend for V0M10 class is reverse and it de-
creases with the fitting range. Furthermore, T is almost
independent of the fitting range for both 5.02 and 13 TeV
beyond pT ∼ 8 GeV/c. As it appears, pT ∼ 8 GeV/c
seems to be a threshold for a different behavior in parti-
cle production.
B. BGBW model
In this section, we analyse the bulk part (up to '
2.5 GeV/c) of the transverse momentum spectra of the
charged particle using a BGBW model and character-
ize the system at the kinetic freeze-out with transverse
collective flow velocity (β) and the kinetic freeze-out tem-
perature (Tkin). Fig. 8 and 9, show the fit to the charged
particle transverse momentum spectra in pp collisions at√
s = 5.02 and 13 TeV for different multiplicity classes.
The bottom panel shows the ratios between the exper-
imental data points and the BGBW function and the
goodness of fit i,e. χ2/ndf is shown by Fig. 10. The
χ2/ndf is large and the contributions mostly come from
the low-pT region.
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FIG. 8: (Color online) Charged particle spectra fit with
BGBW function for pp collisions at
√
s = 5.02 TeV [18].
The BGBW model clearly underestimates the charged
particle transverse momentum spectra at low-pT and
thus the deviation of the BGBW function from the exper-
imental data points at low-pT arises which is possibly due
to the contributions from resonance decays. The BGBW
fit is better for the higher charged particle multiplicity
classes as compared to the lower multiplicity classes.
The kinetic freeze-out parameters, the radial flow (β)
and kinetic freeze-out temperature Tkin are extracted us-
ing the BGBW model for various multiplicity classes and
are shown in Fig. 11 and 12. The radial flow (β) is
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FIG. 9: (Color online) Charged particle spectra fit with
BGBW function for pp collisions at
√
s = 13 TeV [18].
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FIG. 10: (Color online) The values of χ2 divided by the num-
ber of degrees of freedom as a function of the charged particle
multiplicity and collision energy for the BGBW analysis.
almost independent of the collision energy and multiplic-
ity classes, however the fittings are worst for the lower
multiplicity classes in case of BGBW model. The kinetic
freeze-out temperature, Tkin however shows a clear de-
pendence on the multiplicity class. Furthermore, Tkin is
higher for the lower multiplicity classes for both the col-
lision energies and it decreases with a larger number of
charged particles in the system.
IV. SUMMARY
In the present work, we have analyzed the charged
particle transverse momentum spectra in pp collisions at√
s = 5.02 and 13 TeV energies using the thermodynam-
ically consistent Tsallis non-extensive statistics and, as
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FIG. 11: (Color online) Radial flow velocity parameter as a
function of charged particle multiplicity and collision energy.
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FIG. 12: (Color online) Temperature as a function of charged
particle multiplicity and collision energy.
a comparison, the BGBW model. In both the cases, a
weight factor of 0.8, 0.12 and 0.08 have been considered
for pi, K and p respectively due to the fact that charged
particles are mostly dominated by these three particles.
A consistent picture of the extracted parameters emerges
from the comparison to the experimental data as a func-
tion of charged particle multiplicity and collision energy
and the important results are summarized below:
• The non-extensive Tsallis distributions leads to an
excellent description of experimental data for the
complete transverse momentum range in various
multiplicity classes and collision energies.
• The deviation of the non-extensive parameter, q
from unity tells about the departure of the system
from thermodynamic equilibrium and it increases
with multiplicity classes and remains almost con-
stant above ∼|dNch/dη||η|<0.8 > 15.
• In line with other observations like multipartonic
interactions dominantly contributing to the final
7state particle production [24], and the observa-
tion of a thermodynamic limit for statistical en-
sembles to converge [25], final state charged par-
ticle multiplicity ∼|dNch/dη||η|<0.8 > 15 appears
to be a threshold number in particle production in
hadronic collisions at the TeV energies.
• Higher values of the non-extensive parameter is ob-
served for 13 TeV as compared to 5.02 TeV and this
might be understood as being due to the contribu-
tions from the hard scatterings in pp at
√
s =13
TeV being higher as compared to 5.02 TeV.
• Similar behavior for the Tsallis temperature, T has
been observed, which shows a significant depen-
dence on the multiplicity classes. A correlation be-
tween T and q is clearly observed.
• Comprehensive study of the extracted parameters
dependence on the fitting range of charged parti-
cle transverse momentum spectra is performed for
the highest and lowest charged particle multiplicity
classes for both the energies.
• The non-extensive parameter, q shows a reverse
trend for both highest and lowest multiplicity
classes as a function of fitting range.
• For the V0M1 class (corresponds to highest multi-
plicity), the addition of the high-pT charged par-
ticles increases the power-law contributions, which
leads to the lower values of q with extending the fit-
ting range in the non-extensive statistics. On the
other hand, for the V0M10 class (corresponds to
the lowest multiplicity), extending the fitting range
has less power-law contribution (as compared to
V0M1). The q values for V0M10 show an increase
with the fitting range in the non-extensive statis-
tics.
• pT ∼ 8 GeV/c, which shows a saturation behavior
in T , q and χ2/ndf seems to be a threshold for
a different behavior in particle production. This
needs a closure look.
• Similarly, Tsallis temperature, T evolves with fit-
ting range and has opposite behavior for both
V0M1 and V0M10 classes. The Tsallis tempera-
ture, T increases with fitting range for V0M1 class,
whereas the trend for V0M10 class is reverse with
the fitting range.
• Furthermore, the bulk part (up to ' 2.5 GeV/c)
of the transverse momentum spectra of the charged
particle has been characterized using BGBW model
and extracted the transverse collective flow velocity
(< β >) and the kinetic freeze-out temperature
(Tkin) as a function of charged particle multiplicity.
• The collective radial flow velocity, < β > is almost
independent of the collision energy and multiplicity
classes. The kinetic freeze-out temperature, Tkin
however, shows a clear dependence on the multi-
plicity classes.
Conclusively, the BGBW explains the bulk part of the
transverse momentum spectra and the description is bet-
ter for the higher multiplicity classes, whereas the non-
extensive Tsallis statistics describes the charged particle
transverse momentum for the complete pT-range for all
the multiplicity classes and collision energies. The latter
observation is expected as the dominant high-pT contri-
bution comes from jet fragmentation and are described
by pQCD processes, which show up in the power-law tail
of the spectra.
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